We develop an operator description, much like thermofield dynamics, for quantum field theories on a real time path with an arbitrary parameter σ (0 ≤ σ ≤ β). We point out new features which arise when σ = β 2 in that the Hilbert space develops a natural, modified inner product different from the standard Dirac inner product. We construct the Bogoliubov transformation which connects the doubled vacuum state at zero temperature to the thermal vacuum in this case. We obtain the thermal Green's function (propagator) for the real massive Klein-Gordon theory as an expectation value in this thermal vacuum (with a modified inner product). The factorization of the thermal Green's function follows from this analysis. We also discuss, in the main text as well as in two appendices, various other interesting features which arise in such a description.
I. INTRODUCTION
There are two commonly used real time formalisms to describe a quantum field theory at finite temperature. The closed time path formalism [1] [2] [3] uses the path integral method while thermofield dynamics [4] [5] [6] has its origin in an operatorial description of thermal quantum field theory. Unlike the imaginary time (Matsubara) formalism [7] , there is a doubling of field degrees of freedom in the real time formalisms [8] [9] [10] [11] [12] which leads to a 2 × 2 matrix structure for the propagator. Thus, for example, the causal Green's function (the propagator without the factor of i) for a real, massive Klein-Gordon field has the momentum space representation in closed time path of the form
where
Here n B (|p 0 |) denotes the Bose-Einstein distribution function. (The subscripts ± refer to the two real branches of the closed time path in the complex plane.) In thermofield dynamics, on the other hand, the 2 × 2 matrix causal Green's function has the momentum space form
where the subscripts 1, 2 refer to the two real branches of the time contour. The components have the explicit forms 
Here β denotes the inverse temperature in units of the Boltzmann constant. Even though the off-diagonal parts of the Green's functions in (2) and (4) have different forms in the two formalisms, they are known to lead to equivalent results for physical ensemble averages in thermal equilibrium. In general, thermal field theories can be defined on a general time path in the complex t-plane as shown in Fig. 1 where 0 ≤ σ ≤ β [13] . In fact, the path can be generalized even further, in principle, by adding pairs of alternating forward and backward moving real time branches, but it has been shown [14] that such paths are equivalent to the general path shown in Fig. 1 . When T = T = 0, the path is associated with the imaginary time (Matsubara) formalism [7] . On the other hand, for real time formalisms where time takes continuous values between −∞ ≤ t ≤ ∞, one takes the limiting values T → −∞, T → ∞ and, for any allowed value of the parameter σ, the path leads to a real time description of the thermal field theory. When σ = 0, we have the closed time path description discussed above while thermofield dynamics is associated with σ = β 2 . For any value of σ in the allowed range 0 ≤ σ ≤ β, there is a thermal field theory description and the 2 × 2 matrix Green's function has the form in the momentum space given by [13, 14] 
with
where we have introduced
We want to emphasize here that conventionally the two real branches of the path are labelled as 1, 2 for any nontrivial value of σ. Only for σ = 0, namely, for the closed time path formalism, they are labelled as ±. Even though for different values of σ the Green's functions (propagators) are different, in thermal equilibrium they lead to equivalent physical results for any λ (or σ) [13, 14] as we will also show in a simple manner in appendix A. Thermal field theories defined on any one parameter (σ) family of paths can be given a diagrammatic (path integral) description. However, thermofield dynamics, corresponding to σ = β 2 , also has an operator description. (In fact, thermofield dynamics has its origin in an operator description as we have already pointed out.) Therefore, a natural question arises as to whether for other values of σ, we can also have an operator description of the theory in parallel to thermofield dynamics. (For example, an operator description of theories on the closed time path does not exist yet.) This has been a question of general interest since the work of Umezawa et al [13] . In spite of several attempts to find an operator description, this remains an open question. In this paper, we study this question systematically and show that an operator description for any other value (other than σ = β 2 ) does exist indeed, with a modified inner product (different from the standard Dirac inner product) for the thermal Hilbert space. We restrict ourselves to a free massive Klein-Gordon theory in this study, but generalization to other theories is straightforward.
Our paper is organized as follows. In section II, we recapitulate briefly the essential ideas of thermofield dynamics and describe the well studied Bogoliubov transformation operator which takes the zero temperature (doubled) vacuum state to the thermal vacuum (vacuum state in the thermal Hilbert space). We also point out how this Bogoliubov transformation leads to the Green's function (propagator) (4) in a factorizable matrix form. In section III, we point out various symmetry properties of the Green's function (6) for an arbitrary (allowed) value of σ as well as its factorization which is quite useful in our attempt to construct the Bogoliubov transformation relating the thermal vacuum to the zero temperature vacuum. In fact, in section IV, we use these features to construct the Bogoliubov transformation (operator) for the arbitrary parameter 0 ≤ σ ≤ β which leads to the thermal Hilbert space description of the theory. We point out how the inner product of the thermal space changes for σ = β 2 and we show, in particular, in section V, how this description leads to the 2×2 matrix Green's function (propagator) (6) for the Klein-Gordon theory in a factorized manner for an arbitrary parameter σ. We conclude with a brief summary in section VI. In appendix A, we give a simple derivation of the λ (or σ) independence of physical ensemble averages (in thermal equilibrium) in the operator formalism and point out various other features. In appendix B, we give a brief alternative (but equivalent) operator description leading to the Green's function (5)-(6).
II. THERMOFIELD DYNAMICS
The main idea behind thermofield dynamics [4] [5] [6] 11] is the desire to define a thermal vacuum (and a thermal Hilbert space) so that the ensemble average of any product of operators can be written as a thermal vacuum expectation value of the operators. Namely, if there exists a state |0(β) denoting the thermal vacuum state, then we should be able to write
where H represents the dynamical Hamiltonian for the system under study and Z(β) stands for the partition function of the system. In this case, one can naturally develop a perturbative expansion much like at zero temperature.
With a little bit of analysis [4, 11, 12] , it is realized that such a state cannot be constructed if one restricts to the original Hilbert space of the theory. Rather, one needs to double the Hilbert space of the theory by adding fictitious particles known as "tilde" particles. Let us illustrate this with the simple example of the one dimensional bosonic harmonic oscillator whose annihilation and creation operators are denoted by a, a † and satisfy the nontrivial commutation relation [a, a † ] = 1.
For simplicity we assume that the Hamiltonian of the oscillator corresponds to the one with vanishing zero point energy so that the discussion will naturally generalize to second quantized field theories. (Having a nonvanishing zero point energy does not change the discussion.) Namely, the Hamiltonian for the system has the form
where ω denotes the natural frequency of the oscillator. Next, we double the theory by adding "tilde" degrees of freedom through the annihilation and creation operators a, a † which satisfy the same commutation relations as the original oscillator degrees of freedom, namely,
Furthermore, the two degrees of freedom are assumed to be independent so that the "tilde" operators commute with the original operators. The Hamiltonian for the combined theory is denoted by
In this doubled theory, the Hilbert space is a product space of the form
where |n , | n denote the energy states of the two harmonic oscillator systems (namely, eigenstates of H, H respectively). One can construct the thermal vacuum state in this doubled space in the form
which is normalized by construction and leads to ensemble averages as thermal vacuum expectation values as desired (see (8) ). The thermal vacuum |0(β) can be shown to be related to the vacuum |0, 0 of the doubled space through a Bogoliubov transformation
and the real parameter of the Bogoliubov transformation θ is given by
Since the generator of the Bogoliubov transformation is anti-Hermitian
it follows that the Bogoliubov transformation is unitary, namely,
It also follows from (12) and (16) that
implying that the Bogoliubov transformation defines a symmetry of the doubled theory.
One can naturally define a thermal Hilbert space built on the thermal vacuum state (15) (or (14)). This is done by defining thermal annihilation and creation operators through the Bogoliubov transformation (16) in the following way. Let us define a doublet of operators
Then, with the standard commutation relations it can be derived that the Bogoliubov transformation (16) leads to the thermal doublet of operators
where the 2 × 2 matrix
mixes up the original and the "tilde" operators under the Bogoliubov transformation and defines the thermal operators which act on the thermal Hilbert space. We note that
where σ 3 denotes the third Pauli matrix. We note here that the thermal vacuum is annihilated by the thermal annihilation operators
which leads to
Explicitly (22), (23) and (25) imply that the thermal vacuum satisfies
which is known as the thermal state condition. All of these ideas from the simple example of the harmonic oscillator can be generalized to quantum field theories. The annihilation and creation operators as well as the transformation parameters simply become functions of momentum and one needs to integrate over the momentum where necessary. Thus, for the free massive Klein-Gordon theory described by the field variable φ(x), we introduce the "tilde" field degrees of freedom described by φ(x). (The "tilde" conjugation rules [11, 15] in constructing the action for the doubled field, which we do not go into, not only replace the fields by the "tilde" fields but also complex conjugate any coefficient.) In this case, (12) generalizes to
where we have identified
With the generator of Bogoliubov transformation (see (15)- (20))
we can now define the thermal vacuum in the doubled space as
where the parameters of transformation are given by
(32) We note here that the generator of the Bogoliubov transformation is anti-Hermitian so that U (θ) is formally unitary
Furthermore,
as in the harmonic oscillator case so that the Bogoliubov transformation is a symmetry of the Hamiltonian of the doubled system. The unitary operator U (θ) allows us to construct the thermal operators in the following way. If we define a doublet of the Klein-Gordon fields
then with the tilde conjugation rules we can separate them into positive and negative frequency parts as
where p 0 = ω p (in the exponent) and
Under a Bogoliubov transformation, it can be checked that (see, for example, (22) and (23))
where the 2× 2 matrix U (θ(p)) is given by
As in (24), we note that
This shows that the matrices U (θ) in (24) and U (θ(p)) in (40) belong to the group SO(2, 1). Furthermore, the thermal state condition (27) generalizes in this case to
Using all these relations, the thermal 2 × 2 matrix Green's function (propagator) of thermofield dynamics (4) can now be obtained as the expectation value in the thermal vacuum
In Fourier transformed space this leads to
where the zero temperature Green's function in thermofield dynamics has the simple form
and U (θ(p)) is the 2 × 2 matrix defined in (39). Equation (43) is an important result. It shows that the existence of a Bogoliubov transformation leading to a thermal vacuum results in the factorization of the 2×2 matrix Green's function (43) at finite temperature.
III. FACTORIZATION OF PROPAGATOR FOR AN ARBITRARY PATH
In trying to construct a thermal vacuum for an arbitrary path (σ arbitrary), various properties of the propagator can offer helpful clues. We have already noted the form of the Green's function in (5) and (6) . The components of the 2 × 2 matrix in (5)
have the explicit forms
and as we have noted in (7), λ = σ − β 2 . We note from the forms of the components in (46) that while
for any arbitrary (allowed) σ, the off-diagonal elements, in general, satisfy
Only for σ = β 2 (or λ = 0), the off-diagonal matrix elements are also symmetric under p ↔ −p. thermofield dynamics, therefore, enjoys a very special status in that all the components of the propagator are symmetric under the reflection of the energy-momentum four vector. We will see later that this symmetry (or lack of it) is reflected in the structure of the thermal Hilbert space of the theory.
As in the case of thermofield dynamics (see (43) and (44)), the matrix G (σ) (p) can also be factorized [14] (see also [16] [17] [18] [19] [20] [21] [22] ), however, the factorizing matrix now depends on two parameters (θ(p), λ). Namely, it can be checked that we can write
As we have noted in the last section, the existence of a Bogoliubov transformation leading to a thermal vacuum results in the factorization of the propagator. Therefore, from (49) we feel that there should exist a thermal vacuum for an arbitrary σ which can be obtained from the (doubled) zero temperature vacuum through a Bogoliubov transformation. However, from the form of the factorizing matrix (50), we note that, while the corresponding matrix (39) in thermofield dynamics is symmetric (under transposition), here we have
As a result, it follows that, for an arbitrary σ, the factorizing matrix satisfies
where σ 3 is the third Pauli matrix. This can be compared with (40) and suggests that the Bogoliubov transformation taking us to the thermal vacuum, if we can determine, may have some unusual features. The factorizing matrix U (−θ(p), λ) in (50) can be further factorized as
where V (λ) can be a 2 × 2 matrix either in the di-
or in the off-diagonal form 0 1 e −λp0 0 . We note that, in either case, we can write
. This factorization in (53) is very interesting because it points to the fact that the Bogoliubov transformation leading to the thermal vacuum may involve a product of operators unlike the case in thermofield dynamics.
With all this information, we are ready to construct the Bogoliubov transformation which naturally leads to the thermal vacuum of the theory and to discuss the resulting properties of the theory in the next section.
IV. BOGOLIUBOV TRANSFORMATION FOR AN ARBITRARY PARAMETER
The ensemble average of a product of operators A 1 · · · A n in thermal equilibrium is defined as (see, for example, (8))
where, as we have noted earlier, β represents the inverse temperature in units of the Boltzmann constant and Z(β) is the partition function for the system. "Tr" stands for trace over a complete set of states and H denotes the dynamical Hamiltonian of the system. To introduce an operator description for a theory defined on the one parameter family of paths, we use the cyclicity of the trace to write
where λ is defined in (7) . (We note here that the cyclicity of the trace has been used earlier [18] [19] [20] to introduce an arbitrary parameter into the ensemble average in a different context. The description in such a case has been called a non-Hermitian representation of thermofield dynamics.) We note from (8) and (55) that the ensemble average of a product of operators can be written as the (thermal) vacuum expectation value in thermofield dynamics (TFD)
At this point there are two equivalent ways of proceeding. We can either keep the doubled operators of thermofield dynamics and look for a modified thermal vacuum state that depends on the parameter λ in addition to β (temperature) such that the ensemble average in (56) can be written as an expectation value of the product of operators A 1 · · · A n in this thermal vacuum. This would be the closest in spirit to thermofield dynamics. Or, alternatively, we can keep the thermal vacuum of TFD unmodified and look for new operators to describe the doubled theory to represent the ensemble average as an expectation value of the product of new operators in the TFD vacuum. This will be closer in spirit to having two real branches of the time path with an arbitrary separation of the imaginary argument. In the main text of the paper, we will follow the first approach in detail while in appendix B we will discuss briefly the alternative approach.
Using the definition of the thermal vacuum in TFD, |0(β) , in (15) (see also (31)), we can write the ensemble average also as
where we have used the property H|0, 0 = 0. Equation (57) suggests that we can define a new Bogoliubov transformation operator, U (θ, λ), which depends on two parameters and is related to the unitary operator U (θ) of TFD by a similarity transformation as
This is quite reminiscent of the factorization in (53) and so, in principle, one can define a thermal vacuum depending on two parameters (for the theory on the arbitrary path) through this operator U (θ, λ), namely,
However, there seems to be a problem with this in that the operator U (θ, λ) is not naively unitary (as we would expect for a Bogoliubov transformation to be), namely, since from (58)
it follows that
As a result, the ensemble average in (57) cannot be written as a thermal vacuum expectation value as in thermofield dynamics (see (8) ). However, we also note from the definition in (58) that
which is reminiscent of (52). The resolution of this problem can be understood as follows and occurs in several areas of physics, most recently in the study of P T symmetric theories [23, 24] and in pseudo-Hermitian systems [25] . Basically, properties such as Hermiticity and unitarity are defined with respect to the inner product of a Hilbert space. The conventional adjoint A † of an operator A is defined with respect to the standard Dirac inner product ·|· . On the other hand, with a modified inner product defined as [26, 27] 
the modified adjoint A ‡ is defined through the similarity transformation [26, 27] 
Therefore, if we choose Λ to correspond to the reflection operator
we have
Similarly from (64) we note that the adjoint with respect to the modified inner product leads to
so that (see (62))
Namely, the Bogoliubov transformation is formally unitary, as it should be, but with respect to the modified inner product in (63). It follows now that
so that the thermal vacuum is indeed normalized with respect to the modified product. Furthermore, the ensemble average (57) can indeed be written as a thermal vacuum expectation with this modified product,
This brings out a very important feature of the thermal Hilbert space. Namely, when λ = σ − β 2 = 0, the thermal Hilbert space develops a natural modified inner product (63) different from the standard Dirac inner product. Only for λ = 0 (or σ = β 2 ), namely, only for thermofield dynamics does the Hilbert space coincide with the one with a standard Dirac inner product. In this sense thermofield dynamics enjoys a very special status in an operatorial description.
and Φ
T (y), we can use the relations derived in (82). Finally, we can use the identities involving the positive and negative frequency wave functions, namely,
which brings in the p 0 dependence into the calculation. With all these relations as well as the vacuum state conditions
a straightforward calculation yields
where G (σ) (p) is the propagator (Green's function) in the momentum space which has the naturally factorized matrix form (49) (as (43) in thermofield dynamics)
with U (−θ(p), λ) given in (50). Basically, the relation (86) changes the matrix U in (83) to U in (50). We also point out here that, with the modified inner product, relation (52) implies that the matrix U (θ(p), λ) belongs to the group SO(2, 1) just like the factorizing matrix in thermofield dynamics (40).
VI. CONCLUSION
In this paper we have shown systematically that an operator description for a theory defined on a real time path with an arbitrary σ does indeed exist. We have constructed the Bogoliubov transformation which connects the doubled vacuum state at zero temperature to the generalized thermal vacuum. We have pointed out that, for any value of σ = β 2 (0 ≤ σ ≤ β), the Hilbert space develops a natural modified inner product. Only for σ = β 2 corresponding to thermofield dynamics does the Hilbert space have the standard Dirac inner product.
We have derived the 2 × 2 matrix propagator (Green's function) for the Klein-Gordon theory directly from the expectation value of field operators in this thermal vacuum and have shown that the factorization of the propagator (for arbitrary σ) also follows from the Bogoliubov transformation of the field operators. The factorizing matrix , U (−θ(p), λ), belongs to the group SO(2, 1), but only with the modified inner product. We have shown that the further factorization of U (−θ(p), λ) is intimately related to the product nature (58) of the Bogoliubov transformation operator.
In appendix A we give a simple derivation of the λ (or σ) independence of physical ensemble averages in thermal equilibrium and also point out various other features. In appendix B we give an alternative (but equivalent) operator description where operators are redefined but the thermal vacuum is kept as that of TFD.
Appendix A: λ independence of physical ensemble averages
In this appendix we will show that even though the ensemble average (56) in the operator formalism appears to have a λ dependence, physical ensemble averages (thermal correlations of the original fields of the theory) are independent of λ.
To see this, we note that using (26) we can write (56) in two equivalent ways It follows now that if the operators A 1 , A 2 , · · · , A n belong to the original theory, then each of them would commute with H and using the second form of (A1) we can write
where the λ dependence completely cancels out. This shows that the physical thermal correlation functions are independent of the parameter λ. The same conclusion also follows if all the operators A 1 , A 2 , · · · , A n belong to the doubled (auxiliary) space (namely, if they are all "tilde" operators). In this case, H will commute with each of them and using the first form of (A1) we obtain (A2). This shows that thermal correlations involving only the "tilde" operators are also independent of the parameter λ.
The difficulty comes if some of the operators A 1 , · · · , A n belong to the original space and some to the doubled auxiliary space. In this mixed case, neither H nor H will commute with all the operators in the product. As a result, the two λ dependent factors in (A1) cannot be commuted past all the operators to cancel out. Therefore, the mixed thermal correlation functions will depend on the parameter λ. We have already seen this explicitly in (5) and (6) where we have noted that the diagonal elements of the Green's function are independent of λ while the off-diagonal elements are λ dependent.
Appendix B: Alternative description
In this appendix we will briefly describe an alternative but equivalent operatorial formalism where the operators of the doubled theory are redefined while the thermal vacuum state is taken to be the TFD vacuum.
